Trivial Witt groups of flag varieties by Calmés, Baptiste & Fasel, Jean
ar
X
iv
:1
10
3.
44
12
v2
  [
ma
th.
AG
]  
9 N
ov
 20
11
TRIVIAL WITT GROUPS OF FLAG VARIETIES
BAPTISTE CALME`S AND JEAN FASEL
Abstract. Let G be a split semi-simple linear algebraic group over a field k of
characteristic not 2. Let P be a parabolic subgroup and let L be a line bundle
on the projective homogeneous variety G/P . We give a simple condition on
the class of L in Pic(G/P )/2 in terms of Dynkin diagrams implying that the
Witt groups W i(G/P,L) are zero for all integers i. In particular, if B is a
Borel subgroup, then W i(G/B,L) is zero unless L is trivial in Pic(G/B)/2.
The main result of this short note is part of a more general work on Witt groups
of split projective homogeneous varieties. However, contrary to the rest of the work,
it has a rather quick proof that does not require any heavy machinery. Since other
people in the subject have expressed interest and used it in computations, we have
decided to write it down as a standalone result.
The first named author would like to thank Ian Grojnowski for a fruitful discus-
sion.
Let G be a split simply connected semi-simple linear algebraic group over a
field k, T a maximal split torus of G and B a Borel subgroup containing T . Let
∆ = ∆G denote the corresponding Dynkin diagram of G, in which the vertices
are the simple roots of G with respect to B. Let Θ be a subset of the vertices
of the Dynkin diagram ∆. The standard parabolic subgroup PΘ is defined as the
subgroup of G generated by B and the root subgroups U−α for all α ∈ Θ. Any
parabolic subgroup of G is conjugate to such a standard parabolic subgroup, so all
projective homogeneous varieties under G are of the form XΘ = G/PΘ for some
subset Θ of ∆. Note that a projective homogeneous variety under a semi-simple
group can always be considered as a projective homogeneous variety under the
simply connected cover of the group, so the assumption that G is simply connected
is harmless for our purposes.
To an element λ of the weight lattice of the root system of G, we associate
the line bundle Lλ over G/B defined as follows. Since G is simply connected, the
weight λ is a character of T and extends (uniquely up to isomorphism) to a one-
dimensional representation Vλ of B. We define Lλ as the line bundle whose total
space is G×B Vλ. The assignment λ 7→ [Lλ] defines a group isomorphism between
the weight lattice and Pic(G/B). See for example [MT95, §2.1].
To each simple root α corresponds a weight ωα characterized by the relation
〈ωα, β∨〉 = δα,β for all simple roots β. These weights are called fundamental
weights, and they form a basis of the weight lattice. The Picard group of G/B
is thus the free abelian group generated by the classes [Lω ] with ω a fundamental
weight. The Picard group of XΘ injects in the one of G/B = X∅ by pull-back,
and its image is the free abelian group generated by the classes of line bundles
Lωα where α is a simple root not in Θ (see [MT95, Prop. 2.3]). We subsequently
identify Pic(XΘ) with its image in Pic(G/B). This induces a bijection between the
subsets of ∆−Θ and the Picard group modulo 2 of XΘ, sending a subset Λ to the
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class [L∑
α∈Λ
ωα ] in Pic(XΘ)/2. For a line bundle L on XΘ, we use the notation
Λ(L) for the inverse bijection applied to its class in Pic(XΘ)/2. In other words, a
simple root α is in Λ(L) if and only if [Lωα ] appears with an odd multiplicity in
the decomposition of [L] ∈ Pic(G/B).
We say that a simple root α ∈ ∆ − Θ is not adjacent to Θ if no edge of ∆
connects α and a vertex of Θ, i.e. if α is orthogonal to all simple roots β ∈ Θ.
Theorem. Assume the characteristic of k is not 2. Let L be a line bundle on XΘ
and let Λ = Λ(L) be the associated subset of ∆−Θ. If there is a vertex α ∈ Λ that
is not adjacent to Θ, then W i(XΘ,L) = 0 for all integers i.
Proof. Let Θ′ be the subset Θ ∪ {α}. Then, there is a vector bundle V of rank 2
over XΘ′ and an isomorphism XΘ ≃ PXΘ′ (V) of schemes over XΘ′ . See the lemma
below for a proof. The theorem is then implied by the following fact: for any
vector bundle V of rank 2 over a regular base X and any line bundle L on PX(V)
such that [L] ∈ Pic(PX(V))/2 is not in the image of the pull-back from Pic(X)/2,
the Witt groups W i(PX(V),L) are zero for all values of i [Wal03, Thm. 1.3].
Obviously, in our case, [L] is not in the image of the pull-back from Pic(XΘ′)/2,
since Pic(XΘ)/2 = Pic(XΘ′)/2 ⊕ Z/2 [Lωα ] and α ∈ Λ precisely means that the
component of L on [Lωα ] is nonzero. 
Example. Let B be a Borel subgroup of G. ThenW i(G/B,L) = 0 for any i unless
[L] = [O] ∈ Pic(G/B)/2. Indeed, G/B = X∅ so any L such that Λ(L) 6= ∅ satisfies
the assumption of the theorem. Here are more examples with a group G of type D4.
α
(a) (b)
α
(c) (d) (e)
The vertices in Θ are marked , while the vertices in Λ(L) are marked . Cases
(a) and (c) satisfy the assumption of the theorem (with the given α), while cases
(b) and (d) do not. With Θ as in case (e), no Λ(L) can satisfy the assumption of
the theorem.
Remark. The converse of the theorem is not true: it can happen that a line bundle
L is such that W i(XΘ,L) = 0 for all values of i, while all α ∈ Λ(L) are adjacent to
Θ. Examples are provided by quotients of a group of type An by a maximal proper
parabolic subgroup: all vertices are in Θ but the d-th one. This yields a Grassmann
variety Gr(d, d + e) with n = d + e − 1. When d and e are odd, and when L is a
generator of the Picard group of Gr(d, d + e), then W i(Gr(d, d + e),L) = 0 for all
values of i (see [BC07]).
Since we could not find a reference in the literature for the following well-known
fact, we include a proof (actually valid over any base, not necessarily a field).
Lemma. If α is a simple root orthogonal to all simple roots in Θ, then the natural
projection XΘ → XΘ∪{α} is isomorphic to the projective bundle associated to a
vector bundle of rank 2 over XΘ∪{α}.
Proof. Recall that G is simply connected. Let P = PΘ and Q = PΘ∪{α}. Let L be
the Levi subgroup of Q containing the maximal torus T . Its derived subgroup [L,L]
is semi-simple, simply connected and has Dynkin type given by the full subgraph
of ∆ whose vertices are in Θ ∪ {α} [Dem64, Prop. 6.2.7]. Thus, [L,L] ≃ SL2×H
with H a semi-simple simply connected subgroup of P . The radical, Rad(L), is a
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central torus in L and the multiplication map [L,L] × Rad(L) → L is surjective
[Dem64, 6.2.3]. Its kernel ν is isomorphic to [L,L]∩Rad(L), and is therefore a finite
subgroup of the center µ2 × µ of [L,L], where µ is a finite group of multiplicative
type. There are two cases: (1) the kernel ν is included in µ or (2) it surjects
to µ2 through the projection map µ2 × µ → µ2. In the first case, the projection
SL2×H×Rad(L)→ SL2 factors as a (surjective) map L→ SL2. In the second case,
let us show that Rad(L) has a surjection to Gm such that the following diagram on
the left commutes.
ν 
 //

Rad(L)

µ2
  // Gm
N Zroooo
Z/2
?
OO
Zoooo
OO


Taking Cartier duals, it amounts to checking the existence of a dashed map such
that the right diagram commutes: take the image of 1 ∈ Z/2 in N , lift it to Zr and
send 1 ∈ Z to this lift. This implies that the induced surjection SL2×H×Rad(L)→
SL2×Gm factors as a surjection L → (SL2×Gm)/µ2 = GL2. So, in cases (1) and
(2), taking the standard representation V of SL2 (resp. GL2), and using that L is
the quotient of Q by its unipotent radical, we obtain a surjective map Q→ SL(V )
(resp. GL(V )); let K be its kernel. Both Rad(L) ⊂ T ⊂ P and H ⊂ P , so K ⊂ P .
Furthermore, P/K is a Borel subgroup of Q/K since Q/P = L/(P ∩ L) ∼= P1. Let
us consider the vector bundle G ×Q V → G/Q. Its associated projective space is
G×Q (Q/K)/(P/K) = G×Q Q/P = G/P , as expected. 
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